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SOME IDENTITIES OF PARTIALLY DEGENERATE
TOUCHARD POLYNOMIALS ARISING FROM
DIFFERENTIAL EQUATIONS

DAE SAN KIM, TAEKYUN KIM, AND GWAN-WOO JANG

ABSTRACT. In this paper, we consider the partially degenerate Touchard
polynomials which are derived from the generating function. In addition,
we present differential equations for the generating function of the partially
degenerate Touchard polynomials and give some new identities of these
polynomials arising from the differential equations.

1. Introduction

It is well known that the Touchard polynomials (also called exponential or
Bell polynomials) T,,(z) play an important role in statistics and probability.
They are given by the generating function
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From (1.1), we note that
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where Sa(n,m) is the Stirling number of the second kind. Thus, by (1.1) and
(1.2), we get
n
Th(x) = Z Sao(n,m)z™, (n>0), (see [12,13,14]). (1.3)
m=0
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When 2 =1, T,, = T},(1) are called Touchard numbers. From (1.1), we have

T(x)=¢e" anﬁ = ZSg(n, k)a*, (n>0) (1.4)

k=0 : k=0
and
T.(z+vy)= Z <n>Tl(w)Tn,l(y), (see [13, 14,15, 16]). (1.5)

l
1=0

It is not difficult to show that
To(z) =1, Ti(z) =z, To(z) = 2® + 2, T3(z) = 23 + 322 + =z,
Ty(z) = o + 623 + 72° + 2, Ts(z) = 2° + 102" + 252° + 1522 + 1, - - - .

For A € R, L. Carlitz introduced the degenerate Bernoulli polynomials which
are given by the generating function

t
(14 x)x —1

oo

(14+A0)5 = Z;an,A(x)f%, (see [1,16]). (1.6)

When © = 0, 8,5 = 8,,0(0) are called the degenerate Bernoulli numbers (see
[1,16]). Note that limy_,g By x(2) = Bp(x), (n > 0), are the Bernoulli polyno-
mials given by the generating function

o

meT = ; Bn(x)m, (see [16]). (1.7)
With the viewpoint of Carlitz, Kim introduced the degenerate Bell polynomials
(also called degenerate Touchard polynomials) which are given by the generating
function

. 1 © tn
1+ nF 03 1) S pep @) 5 (see [16). (1.8)

n=0 n
Note that limy_,¢ Bely x(z) = T, (), (n > 0). When « =1, Bel,, (1) = Bel,, )
are called the degenerate Bell numbers. In this paper, we consider the partially
degenerate Touchard polynomials which are derived from the generating func-
tion. In addition, we present differential equations for the generating function
of the partially degenerate Touchard polynomials and give some new identities

of these polynomials arising from the differential equations.

2. Some identities of partially degenerate Touchard polynomials
arising from differential equations

Let us consider the partially degenerate Touchard polynomials which are given
by the generating function
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oo

F=F(tz|)\) =é" ((H—/\L)X 1) _ ZTn,\(,L)% (2.1)
n=0 ’

When z =1, T;, » = T;,A(1) are called the partially degenerate Touchard num-
bers. From (2.1), we note that

k
Z So(k,m)Sy (n, K)A"~Fz™
k=0 7:0 (22)
(k|/\)n~L (n>0),

—e 7
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where (z|\)g = 1, (2|\)n, = xz(x = N)(x —2)\) - (z — (n — 1)A), (n > 1), and
Si(n, k) is the stlrhng number of the first kind. From (2.1), we have
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dt
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(2.5)

Continuing this process, we can set

a\N al
P = (%> F(t,2l) = (Z (V) (1 +Ar>"”> F(26)
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where N = 1,2,3,--- . To determine the coefficients b;(N, ) in (2.6), we take
the derivative with respect to t on both sides of (2.6) as follows:

PN+ <i> V)

. N
. — N i . i
bi(N, Az <Z ; A) AL+ AN 43 " hi(N, Nat (14 a3~V FO)

Il
.MZ -

i=1 =1
N ) N -
= bi(N, N (i = N+ M) 3N 3 b (N, )2 (14 M) 5 NI
i=1 i=1
N ‘ ) N+1 ' _
= bi(N, N (i = NI+ AV TE 3 b (N )2 (14 M) x VR
i=1 =2
(2.7)
By replacing N by N + 1 in (2.6), we get
N+1 _ ‘
FOFD =3 " b(N + 1L, A2 (14 A)x N 1F (2.8)
i=1
Comparing the coefficients on both sides of (2.7) and (2.8), we have
bi(N+1,2) = (1—=NNbi(N,A), bys+1(N +1,X) =bn(N,N) (2.9)
and

where 2 < i < N. From (2.3), we have
e(14+M)XF = FO = b (1, Na(1 + M)X'F (2.11)
Thus, by (2.11), we get
bi(1,\) = 1. (2.12)
By (2.4), we easily get

(“'(1 =N+ A2 (1 + /\t)%_z)F = F®
: ) (2.13)
= (12, V(1 + A3 2 4 ba(2, )22 (1 + A3 2) .

From (2.13), we have
b1(2,A) = (1 —A), b2(2,)) = 1. (2.14)
It is easy to show that
bnri(N+1L,A) =bn(N,A) =by_ i (N =1, A) =---=b1(1,A) =1, (2.15)
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and

bi(N +1,0) = (1 - NA)bi(N,A) = (1= NA)(1— (N = DA (N —1,\) =---
= (1= NN(1—(N=1)A) (1= Nb(1,))

=<1— N)X>n,
(2.16)

where
<zla>o=1, <zla>y=z(z+a) - (x+ (N —-1)a), (N>1).

Now, we give an explicit expression for b;(N + 1, A), where 2 < ¢ < N. For
i=2,3,41n (2.10), we have

bay(N + 1, M) = (2 — N\)ba(N, \) + bi (N, \)
= (2= NA)(2— (N = DNba(N — L,A) + (2= NA)by(N — 1, A) + by (N, \)

7
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N—

=3 <2-NAA>p<1—(N =k — DAX>N_g, 1,
k1=0

Il
= o

(2.17)

bs(N +1,)) = (3 — NA)bs(N, \) + ba(N, \)
= (3= NN(B— (N = DANbs(N = 1,A) + (3= NA)ba(N — 1,A) + by (N, A)

N-2
= <37N/\|)\ >ky bQ(ka‘g,)\)
k2=0
N—2N—2—ksy
=> <3 NAX>4,<2— (N = ky — DA >,
ka=0 k1=0
X <1— (N — ko — k1 — 2))\‘/\ >N—ko—ki—2

(2.18)
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and
by(N +1,)2) = b3(N,A) + (4 — NA)by(N, \)
=4 —=NXN)4—(N—=1Nbg(N —1,0) + (4= NN)bs(N —1,)) + b3(N, \)

N-3
= <4 — NAX >, bs(N — ks, \)
ks=0
N—3 N—=3—ks N—=3—ks—ks
Z Y <A=NAA><3— (N — ks — DAA >,
ks=0 ko= k=0
(N kgf 272))\|/\>k1<17(N k37k27k173)/\|/\>N ks—ko—k1—3 -
(2.19)
Continuing this process, we have
bi(N +1,))
N—i+1 N—it+1-k; 3 N—it+l—ki 1——k2 i i—1
=y > > [I<i-VN=> "k —i+DAA >,
ki—1=0 ki_2=0 k1=0 =2 J=l
i—1
x [ <1—(N— Zlkg — i DAAS N ity
j=
(2.20)
Therefore, we obtain the following theorem.
Theorem 2.1. For N € N, the differential equations
N
FN) = (Z bi(N, Nz (1 + At)i-‘N) F
i=1
have the solution
1
F = F(t,ZL|)\) — ez((l-}-/\t)X—l)’
where b1 (N, ) =<1 — (N — DA >n_1,
—i N—i—k;j_1 N—i—kj_1—--—ko i i—1
>y - > [[<i-(N=>k—i—1+DAA>x,
ki—1=0 ki_2=0 k1=0 1=2 J=l

i—1
X <1_(N_ij_i)/\)\>1\'—z;:ikj—i)’ (2<i<N).

Jj=1
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Recall that the partially degenerate Touchard polynomials T}, »(z) are defined
by the generating function

1 © t"
F:p(t,xm:ez((lmn_l Z wa(@) . (2.21)

Thus, by (2.21), we easily get

d N
POV _ <E) Flt, 2]\ = ZTHNA L(NEN).  (222)

From Theorem 1, we have

t"L N
ZTn+N)\ =FN = <E> F(t,z|\)

S o [ AW -
_ ;bl(zv, At (; (X _ N)l/\ l—'> <m§_:0T A(»L)—,>
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=Y (N N2 Y <7lz) (1 _ N) NT, a(e)e
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— A n 7 m
-SSR ()G mmonm)

(2.23)

Therefore, by comparing the coefficients on both sides of (2.23), we obtain the
following theorem.

Theorem 2.2. Forn >0 and N € N, we have

N n N—i N—i-ki_ N—i—k;j_1——ka n i .
Ton@=Y3 Y Y . % <z>(X — N) N ()
=2 =0 ki_1=0 k;_2=0 k1=0 t
i i—1 i—1
H <U=(N =) kj—i=14+DAN) >k, | [ <1= (V=D k= D)AA >Nty
J=l j=1

N Z ( ) (_ S N) N < 1= (V= DA >t 2T (@)

Remark. Note that
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T7L+N(:I;) = )l\lgh Tn—%—N,)\(-'L')

30D S W I S
i=2 1=0 kj_1=0 k;i_2=0 k1=0
n
n
+.LZ<Z>T”_1
1=0
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